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Abstract

This paper proposes some weighting schemes to average forecasts across different estima-
tion windows to account for structural changes in the unconditional variance of a GARCH (1,1)
model. Each combination is obtained by averaging forecasts generated by recursively increas-
ing an initial estimation window of a fixed number of observations v. Three different choices of
the combination weights are proposed. In the first scheme, the forecast combination is obtained
by using equal weights to average the individual forecasts; the second weighting method assigns
heavier weights to forecasts that use more recent information; the third is a trimmed version of
the forecast combination with equal weights where a fixed fraction of forecasts with the worst
performance are discarded. Simulation results show that forecast combinations with high values
of v are able to perform better than alternative schemes proposed in the literature. An application

to real data confirms the simulation results

Keywords: Forecast combinations, Structural breaks, GARCH models.

JEL Code: C530, C580, G170

*I wish to thank Professor M. Barbieri for her useful suggestions and comments. I am also grateful to Professor G. De
Luca and Professor A. Parisi for their insightful and stimulating comments and suggestions on the first draft which led to
an improved final version. The usual disclaimer applies.



1 Introduction

The Generalized Autoregressive Conditional Heteroskedastic model GARCH (p,q) has been found to
be a particularly useful parametrization in modelling and forecasting financial time series. Numerous
applications of GARCH models have already appeared in the statistical and econometric literature,
since the seminal papers by Engle and Bollerslev (1986).

Many studies (see for example Andreou and Ghysels, 2009) agree that the existence of structural
breaks in the volatility can be the cause of estimation problems and forecast failures. If structural
breaks are present in the data generating process but they are not considered in the specification of the
model, the analysis could be biased toward a spurious persistence.

The hypotheses that structural changes may misinterpret the persistence estimation in GARCH mod-
els has been first highlighted by Diebold (1986). Lamoureux and Lastrapes (1990) have confirmed
the Diebold’s idea by allowing for changing states of the constant term of the conditional variance of
a GARCH(1,1) model.

Mikosch and Starica (2004) have explained how changes in the unconditional variance can be the
cause of two stylized facts observed in long log-return series: the long-range dependence in volatility
and the integrated GARCH (IGARCH) effect. In the first case the sample autocorrelation functions
of the absolute values of the log returns series and their squares are all positive, decay relatively fast
at the first lags and tend to stabilize around a positive value for larger lags. Concomitantly, the pe-
riodograms blow up at frequencies near zero. In the second case, whereas for shorter samples the
estimated parameters of the GARCH(1,1) model sum to values significantly different from one, for
longer samples their sum becomes close to one. This motivated the introduction of the integrated
GARCH(1,1) model, IGARCH(1,1) by Engle and Bollerslev (1986) as a possible generating process
for returns. As a consequence, the fitted GARCH model often appears to be very close to an [GARCH
model only because structural breaks in unconditional volatility are ignored.

Hillebrand (2005) has shown that if structural changes in the conditional volatility process are not
taken into account in the model specification, they could cause a substantial overestimation of the
autoregressive parameters of the conditional variance.

The presence of structural breaks is even more fateful in a forecasting context and it constitutes one
of the primary reasons for forecast failures in practice.

In particular, West and Cho (1995) have shown that a GARCH (1,1) that allows for structural breaks
in the unconditional variance, could have better forecasting performances with respect to methods
which do not take into account their presence. This result has been confirmed by Starica et al. (2005)

in the context of long-horizon forecasts of stock return volatility and by Rapach and Strauss (2008)



for eight daily U.S. dollar exchange rate return series.

A common strategy to handle parameter instability, in the context of GARCH models, is to select a
single estimation window in which only a fraction of the most recent observations is used to estimate
the parameters and to generate the forecasts. However, while in the regression framework solutions
have been proposed to derive an optimal estimation window size (Pesaran and Timmerman, 2007;
Pesaran et al., 2013; Giraitis et al., 2013; Inoue et al., 2017), in a GARCH context this is not an easy
task. One possible approach is to identify the last structural break in the series and to use only obser-
vations over the post-break period. This procedure could be not reliable in many applications because
it depends on the correct identification of the last break, which is unknown in terms of location and
magnitude.

Another approach is to use an estimation window whose size is proportional to the number of observa-
tions in the sample, independently of the last break location (Rapach and Strauss, 2008). However the
forecasting performance is sensitive to the choice of the observation window due to the bias-variance
trade off. More precisely a relative long estimation window reduces the forecast error variance but
increases its bias; on the other hand, a short estimation window produces an increase in the forecast
error variance although the bias decreases.

In order to solve the problems arising with the choice of a single estimation window, it can be useful to
consider forecast combinations generated by the same model but over different estimation windows.
As highlighted by Pesaran and Pick (2011) in the case of random walks and for a linear regression
model, this strategy could be superior to forecasts generated by a single estimation window. However,
while this procedure is suitable in a regression context and has been widely used in the econometric
literature, in the context of GARCH models some problems arise. They are related to the very high
length of the involved series, to the more complex generation of forecasts and to the possible large
estimation uncertainty.

The aim of this paper is to propose some alternative weighting schemes that, in the spirit of Pesaran
and Timmerman (2007), average forecasts across estimation windows, in order to account for struc-
tural breaks in the unconditional variance of a GARCH (1,1) model. Common to all the proposed
forecast combinations is that the individual forecasts are obtained by expanding the length of an ini-
tial estimation window backwards of a fixed number of observations. The length of the initial window
is introduced to allow a convergent estimation of a GARCH model whereas the length of the expand-
ing windows controls the number of individual forecasts entering into the combination. The proposed
combinations are usually effective to account for structural breaks even in the common situation when
their location and magnitude are not known a priori. At the same time, they ensure low computation

costs, avoiding the estimation of thousands of GARCH models that could be obtained when all pos-



sible window sizes are used. The proposed schemes differ for the specification of the combination
weights: in the first scheme, the forecast combination is obtained by using equal weights to aver-
age the individual forecasts; the second weighting method simply assigns heavier weights to forecasts
that use more recent information; the third is a trimmed version of the forecast combination with equal
weights where a fixed fraction of forecasts with the worst performances are discarded.

The paper is organized as follows. Section 2 introduces the problem of forecasting under structural
breaks and briefly overviews the most used methods. Starting from the single estimation window
approach, the use of forecasting combinations is addressed, highlighting their advantages. In Sec-
tion 3, the proposed forecast combinations across estimation windows are illustrated and discussed.
In section 4 a Monte Carlo experiment has been implemented. The aim is to evaluate how the per-
formance of the proposed forecast combinations, with different values of the tuning parameter and
different choices of the weights, are influenced by the location and the size of the break. Moreover,
through the implemented experiment, the forecast combinations have been also compared to some
alternative schemes proposed in the literature. The forecasting performances of all the considered
forecast combinations have been compared in terms of a loss functions, through the model confidence
set procedure, proposed by Hansen et al. (2011). In section 5 the effectiveness of the proposed fore-
cast combinations is evaluated on the same data set used by Rapach and Strauss (2008). It consists of
daily returns of the U.S. dollar against the currencies of Canada, Denmark, Germany, Japan, Norway,
Switzerland and the daily returns corresponding to the U.S. trade-weighted exchange rate. Some final

remarks close the paper.

2 Forecast methods

In the paper we will refer to a GARCH (1,1) model since it is a very parsimonious model and usually
it is adequate to obtain good performances in terms of fitting and forecasting (Hansen and Lunde,

2005).

The canonical GARCH (1,1) model for the zero-mean series a; can be expressed in the form:

a; = hY%¢ (1)
with
hi = ag + ara?_q + Brhe_y ()

where {€;} is a sequence of i.i.d. random variables with zero mean and unit variance. Conditions

on «p, o and B need to be imposed for the previous equation to be well defined. In particular,



ag > 0and aq, B > 0 are imposed to ensure that the conditional variance h; is positive. Moreover
a1 + B1 < 1 ensures that the process is stationary. For a GARCH (1,1) process, the unconditional
variance is defined as 02 = ag/(1 — a1 — B1).

The parameters are estimated by using the Quasi Maximum Likelihood Estimation in which the like-
lihood corresponding to the assumed distribution of ¢, is maximized under the previous assumptions.
In the case of stable GARCH(1,1) model, the one-step-ahead forecast at time 7"+ 1, obtained by using

the observations from 1 to 7" is defined as
hri1 = @ + arad + Bihr 3)

As it is well known, the presence of structural breaks can have serious consequences on the per-
formance of the forecasts. To deal with this problem, many procedures have been suggested in the
econometric literature.

One of the most popular approach, in the context of GARCH models, is to select a single estima-
tion window to generate a single forecast. In this perspective, a possible approach is to identify the
presence of potential breaks in the data, by means of the numerous tests proposed in the econometric
literature, and to predict with a GARCH model estimated using only the data from the last break (Ra-
pach and Strauss, 2008). However, this approach is not free from criticism. First of all, the detection
of breaks could be imprecise especially in the context of financial time series in which the classical
tests proposed in the literature could not distinguish between break points and extreme observations
(Ross, 2013). Secondly, as pointed out by Pesaran and Timmerman (2007) in the regression frame-
work, the forecasts generated by this scheme is likely to be biased and may not minimize the mean
square forecast error even when the last break date is correctly detected. This suggests that the pre-
break observations could be useful for forecasting even after the break. Moreover, when the last break
is small and the variance parameter increases at the break point it could be advisable to use also a frac-
tion of the pre-break observations. Finally, if the last detected break point is very close to the last
observation, the sample used for the estimation of the parameters of the forecast model is relatively
short causing a very large estimation uncertainty. This is a strong weakness in GARCH model in
which the parameters estimations need quite a high number of observations to converge.
Alternatively it is possible to consider forecasting methods which implicitly take into account the pres-
ence of breaks. In these cases, it is not necessary to specify the number and the locations of the breaks
but they are taken into account in the generation of forecasts by using a GARCH model estimated with
a fixed sample size. The forecasting performance of these methods is obviously sensitive to the choice

of the observation window which should be chosen in a way to balance the trade off between bias and



variability. More specifically, using data from different data generating processes, may lead to biased
parameter estimates and forecasts; such bias can accumulate leading to large mean square forecast
errors. This bias could be reduced using only that data relevant to the present. On the contrary, in
order to reduce the heterogeneity, it could be appropriate to reduce the sample but this could increase
the variance of the parameter estimates. This increase in variance maps into the forecast errors and,
again, it causes an increment of the mean square forecast error. Hence, a plausible estimation window
should guarantee an accurate estimate of the GARCH parameters and a not extensively use of obser-
vations from different regimes (Clark and McCracken, 2009).

However, in this approach, the identification of the optimal estimation window size is not an easy
task. In the context of regression, Pesaran and Timmermann (2007) propose some methods to select
the window size in the case of multiple discrete breaks when the errors of the model are serially uncor-
related and the regressors are strictly exogenous; Pesaran ef al. (2013) derive optimal weights under
continuous and discrete breaks in the case of independent errors and exogenous regressors; Giraitis et
al. (2013) propose to select a tuning parameter to downweight older data by using a cross-validation-
based method in the case of models without regressors; Inoue ef al. (2017) suggest to choose the
optimal window size that minimizes the conditional mean square forecast error (MSFE).

For the GARCH models the selection of this single estimation window remains an open issue and in
many empirical studies, it is arbitrarily determined. For example, Rapach and Strauss (2008) propose
different specifications for this parameter; in particular, in their analysis, the estimation window size
is fixed to one-half and one-quarter of the length of the in sample period.

To overcome the problem of the selection of a single estimation window, an alternative strategy can
be used. It is based on combinations of forecasts generated from the same model but over different

estimation windows.

2.1 Forecast combinations

Starting from the pioneeristic paper of Bates and Granger (1969), there has been a growing interest,
in the econometric literature, for the combinations of forecasts obtained by estimating a number of
alternative models over the same sample period. Clemen (1989) has provided a review highlighting
that forecast accuracy can be substantially improved through the combination of multiple individual
forecasts. Makridakis and Hibon (2000), by analysing 3003 time series, have concluded that the ac-
curacy of forecast combinations have better performances on average with respect to each specific
method which is present in the combination. The same conclusions have been confirmed in the pa-
pers by Stock and Watson (2001,2004) and Marcellino (2004) in the context of economic and financial

variables. More recently, Timmerman (2006) has theoretically analysed the factors that determine the



advantages in combing forecasts focusing, in particular, on model misspecification, instability and
estimation error.

In a regression framework, Pesaran and Timmerman (2007) have proposed forecast combinations
formed by averaging across forecasts generated by using all possible window size subject to a min-
imum length requirement. Based on the same idea, more complex forecasting schemes have been
proposed (see, for example, Tian and Anderson, 2014 and Pesaran et al., 2013).

The idea of forecast averaging over estimation windows has been fruitfully applied also in macroeco-
nomic forecasting, in particular in the context of vector autoregressive models with weakly exogenous
regressors (Assenmacher-Wesche and Pesaran, 2008; Pesaran et al., 2009), and in the context of GDP
growth on the yield curve (Schrimpf and Wang, 2010).

Pesaran and Pick (2011) have discussed the theoretical advantages of using such combinations consid-
ering random walks with breaks in the drift and volatility and a linear regression model with a break
in the slope parameter. They have shown that averaging forecasts over different estimation windows
leads to a lower bias and root mean square forecast error than forecasts based on a single estimation
window for all but the smallest breaks. Similar results are reported in Clark and McCracken (2009);
they have highlighted that, in presence of structural breaks, averaging forecasts obtained by using all
the observations in the sample and forecasts obtained by using a window can be useful for forecast-
ing!.

All the discussed approaches are feasible for linear regression models and moderate sample size.
However, when dealing with GARCH models, they became not suitable because of the estimation of
thousands models just to form a single combination forecast.

In the light of this result, Rapach et al. (2008), in the case of stock return volatility, have proposed
the following forecast combinations which they have found to be especially effective for forecasting

in presence of breaks.

Rapach and Strauss forecast combination.

This scheme, labelled as RS combined, is a combination which averages individual forecasts obtained
with four different estimation windows. The first two have fixed sizes proportional to the number
of observations in the sample; in particular they are equal to one-half and one-quarter of the size of
the sample period; the third window is formed by observations from the final break point to the end
of sample. In this case, the last break has been identified by using the test proposed by Sansé ef al.

(2004). The last estimation window uses all the observations in the sample.

'In this case forecasts from only two different windows are combined and so this procedure can be seen as a limited
version of that proposed by Pesaran and Timmermann (2007)



Trimmed Rapach and Strauss forecast combination.
This scheme, denoted as Trimmed-RS combined, is the average of the individual forecasts after ex-

cluding the highest and lowest from the previous scheme.

Clark and McCracken forecast combination.
The last scheme, denoted as CM combined, is the average of two individual forecasts: the first uses
all the observations in the sample and the second only the observations from 0.75T to T. This is in the

spirit of Clark and McCracken (2009).

3 Forecast combinations across estimation windows in GARCH(1, 1)

models

In this section we propose some alternative forecast combinations which use different estimation win-
dows to account for structural breaks, in the context of GARCH models.

Let T" be the number of observations in the sample and w the minimum acceptable estimation window
size. The forecast combination at time 7" 4 1, denoted with /HT_H, is obtained by averaging across
forecasts generated by increasing recursively, of a fixed number v, the minimum estimation window

w. More precisely:

k—1
hrar=Y erhy (4)
7=0
where ﬁg;lw_mﬂ is the one-step-ahead forecast obtained by using the observations from (7'—w—7v)
to T'; ¢, are combination weights and
T —
k= { ﬂ (5)
v

being [z] the smallest integer greater than or equal to x.

In the equation (4), the individual forecasts are generated by expanding the length of the estimation
window backwards of v observations after reserving the most recent w observations. Therefore, in
the combination, the last w observations are used in all the forecasts, whereas the observations at the
beginning of the sample are used less.

The proposed forecast combination scheme depends on the parameters w and v which have to be fixed
and to the weights c;.

The estimation windows should not be smaller than a minimum length w. This parameter should



be set in such a way that allows the parameter estimation of the GARCH (1,1) model to converge.
Hwang and Valls Pereira (2006) have shown that the estimates of the popular GARCH(1,1) model are
significantly negatively biased in small samples and that in many cases converged estimates are not
possible with Bollerslev’s non-negativity conditions. Considering the size of biases and convergence
errors, they have proposed at least 500 observations for GARCH(1,1) models.
The parameter v controls the number of observations which are added to the minimum estimation
window w and, as a consequence, to the number of individual forecasts which enters in the combi-
nation. The lower the value of v, the more individual forecasts enter in the combination. Moreover
if the location of the last break is near to the end of the sample, the higher the value of v, the less
the number of windows containing many pre-break observations are in the combination scheme. This
could be advantageous since the forecasts generated by using many pre-break observations could be
biased especially when the size of the breaks is high. Note that the logic behind this approach is sim-
ilar to that proposed by Pesaran and Timmermann (2007) in a regression context. In this latter case,
the parameter v is set equal to 1 since the number of observations is generally not so high and the
linearity of the models ensures the feasibility, in term of computational costs, of the generation of the
many individual forecasts involved. As previously pointed out, in the case of GARCH models, the
choice of v = 1 is unrealistic; in this context, a value for v should guarantee the effectiveness of the
forecast combination in accounting for possible structural breaks in the series and, at the same time,
it should ensure not too high computational costs?.
The selection of an optimal value of v is an open issue. However, it is possible to select it by simula-
tions, searching, for example, the value which minimizes a fixed loss function. This is the approach
which will be used in this paper.
As far as the vector of the weights cg, c1,...,cr_1 is concerned, as it is usual in the literature of
forecast combination, we will impose that they satisfy the constrains:
k—1
>0 7=01,....,k-1 and > =1 (6)
=0

These conditions ensure that the equation (4) is a convex linear combination of the individual forecasts.

Moreover we assume that the weights are such that

Cp=>C1 2 ... 2 Cp1 (7

ZFor example, in the case of a GARCH(1,1) model, consider a time series with T' = 4000 observations and fix w = 800.
The one-step haed forecast at time 7" + 1 obtained by using a value of v = 50, is generated by averaging 64 individual
forecasts.



being ¢, the weight associated with the forecast obtained by using the observations from (7'—w —7v)
to 7. This assumption ensures that the forecasts obtained by the most recent observations have higher
weights than those further away from the forecasting origin. Although all the sequences satisfying the

previous assumptions can be used in the equation (4), some trivial choices have been proposed.

Mean window forecast combination with equal weights.
In this scheme, the forecast combination is obtained by using equal weights to average the individual
forecasts. More precisely, the weights are defined as:

1
=1 7=0,1,...,k—1 3

and, as a consequence, the proposed forecast combination (4) is:

T—w—7v:T)
hri =7 Zh[ﬂl ©)

Many researches (see for example Pesaran and Timmermann, 2007) have highlighted the advan-
tages of the equally weighted forecast combination; this scheme is easy to compute and often has
performances as good as more complicated schemes, also when there is uncertainty about the pres-

ence of structural breaks in the data.

Mean window forecast combination with location weights.
In this scheme, heavier weights are assigned to forecasts that use more recent information. As in Tian
and Anderson (2014), we have proposed the following linear function of the location of time 7 in the

full sample:

— 2k —
Cr = kkl . = (k T) 7=0,1,...,k—1 (10)
St ik—71)  k(k+1)
As a consequence, the proposed forecast combination (4) is:
k—
™ i 1 . DT —w—7v:T)
hry = —— > _(k—7)hp (11)

Z’T:O(k - T) 7=0

The use of these weights implies that heavier weights are placed on the forecasts which are based on

more recent parts of the sample.

Trimmed mean window forecast combination.

In this scheme, rather than combining the full set of forecasts, a fraction of those with the worst

10



performance is discarded. In particular a fraction of the highest and lowest individual forecasts is
excluded from the analysis. The remaining individual forecasts are then combined by using an equal
weighting scheme. This approach is in the spirit of Armstrong (1989) and has been used by Rapach et
al. (2008) in the context of forecasting stock return volatility. This weighting scheme could be useful

since it is less sensitive to possible implausible forecasts.

4 Monte Carlo experiment

The aim of this simulation experiment is twofold. First our objective is to evaluate the effectiveness
of the proposed procedures in accounting for structural breaks and the effects of the choice of the
tuning parameter v. The results of this check will be used to identify an empirical value v* of v such
that the corresponding forecast combinations have better forecasting performances compared to other
alternative ones. The second aim is to compare the proposed forecast combinations in correspondence
of v* with those proposed by Rapach and Strauss (2008) and Rapach et al. (2008).

As data generating process we have used a GARCH (1,1) with a single break point and, as a conse-

quence, two different regimes are present:

ar = hiSe (12)

he = [aor + a1ai_y + Brihe—1] L<r) (1)

+ 02 + 012af | + Brohu—1] Iysr)(t) (13)

where (a1, @11, f11) and (a2, a12, f12) are the parameters of the GARCH(1,1) model respectively
in the first and in the second regime, 7 is the location of the break point and I4(x) is the indicator

function defined as:

1, ifeeA
Iy(z) = (14)
0, ifrdA

Three different parameter specifications of the model (13) have been considered:

(0411, Bll) = (0.10, 0.80) a1 such that O'% =2
Ml

(a12, B12) = (0.05,0.90) 2 such that o3 = 3

11



(a11, B11) = (0.15,0.70) 1 such that o7 = 1
M2 .

(a12, B12) = (0.10,0.80) a2 such that o3 = 2

(a11, B11) = (0.15,0.70) 1 such that o7 = 1
M3 :

(a12, B12) = (0.05,0.90) a2 such that 03 = 3
where o2 and o3 are, respectively, the unconditional variances in the first and in the second regime.
Concerning the break, five different locations 7 have been considered; they have been fixed as function

of the time series length 7. In particular:

T =9yT with¢ € {0.50,0.60,0.70,0.80,0.90}

Therefore, the simulation experiment consists of fifteen different specifications of the model (13):
three arising from the parameter specifications and five from the different locations of the break.
Moreover two different series lengths 7' € {3000, 4000} have been considered. For each model spec-
ification and for both the sample sizes, 500 time series have been generated.

In order to evaluate the forecasting performances of the proposed forecast combinations for each model
specification, an initial sub-sample, composed by the data from ¢ = 1 to ¢t = R, is used to estimate
the model and the 1-step ahead out-of-sample forecast is produced. The sample is increased by one,
the model is re-estimated using data from¢ = 1to ¢t = R + 1 and 1-step ahead forecast is produced.
The procedure continues until the end of the available out-of-sample period. In the following, R has
been fixed so that the number of out of sample observations is 300.

Common to all the considered forecast combinations is the specification of the minimum acceptable
estimation window size w. This parameter has been fixed equal to 800 in order to guarantee a conver-
gent estimation of the GARCH(1,1) parameters.

For all the fifteen model specifications, for both sample sizes and for each of the 500 simulated series,
the forecast combinations have been compared in terms of their predictive performances by using the
model confidence set (Hansen ef al., 2011).

As pointed out in the Appendix A, this procedure is able to construct a set of combinations which
exhibit the same predictive ability, at a given level of confidence, in terms of a predefined loss func-
tion. The choice of this function is arbitrary and depends on the nature of the competitors. However,
as detailed by Patton (2011), when comparing conditional variance forecasts, the use of imperfect,
but conditionally unbiased, volatility proxy can lead to objectionable results. In this context, where

squared returns are used as proxy of the realized volatility, the most used loss function is the QLIKE
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function defined as: 3 R
QLIKE, = & — log <Et> -1 (15)
ht ht
where h; is some realized volatility measure and hy is the punctual volatility forecast. It yields a
ranking of volatility forecasts that is robust to noise in the proxy; moreover it is able to better discrim-
inate among models and it is less affected by the most extreme observations in the sample. Once the

analysis has been performed for all the 500 simulated series, the relative frequencies a given forecast

combination enters in the Model Confidence Set (MCS) have been determined.

4.1 Evaluation of the proposed forecast combinations

In order to evaluate the effect of different values of the tuning parameter v on the proposed forecast

combinations, the following different values of v
v € {50,100, 200, 300, 400, 500, 600, 700, 800, 900}

have been considered. This range of values allows to evaluate how the proposed forecast combina-
tions vary with this parameter. For each value of v, the proposed forecast combinations with equal
weights, defined in (9) and with location weights defined in (11) have been considered. Moreover,
when it is reasonable, a trimmed version, with a fraction of trimmed forecasts equal to 0.2, has been
also included in the analysis.

Moreover, to assess the effectiveness of the proposed combinations, a benchmark forecasting method
has been introduced in the analysis. As a natural benchmark, a GARCH (1,1) model estimated by
using an expanding window method has been considered. This method uses all the available obser-
vations and, as a consequence, it ignores the presence of structural breaks. This choice is optimal in
situations with no breaks and it is appropriate for forecasting when the data is generated by a stable
model.

As previously pointed out, the model confidence set has been employed and it has been determined
the relative frequency a given forecast combination enters in the set of superior model. Two values
of the confidence levels, & = (0.10,0.25), for both the statistics used in the MCS procedure (see
Appendix A for details) have been considered.

Tables 1, 2 and 3 report the relative frequencies for the parameter specification M1, M2 and M3, re-
spectively, for 7' = 3000; the same parameter specifications for 7" = 4000 are reported in Tables 4, 5
and 6.

From Table 1, it is evident that when the size of break is not so high (specification M 1) the proposed

13



combinations have good predictive performances for all the values of the tuning parameter v.

The relative frequencies of the proposed forecast combinations are higher than those of the expanding
method, which does not take into account the presence of the break. This behaviour is more evident
in correspondence of a confidence level equal to 0.25 and when the location of the break approaches
the end of the sample. With reference to the three specifications of the combination weights, the
combinations based on location weights seem to have better performances with respect to the other
two weighting schemes, independently from the break locations. The tuning parameter v seems not
so relevant when the break is far from the end of the sample, 7 = (0.57,0.67"); in the other cases,
the combinations with high values v and with the same weighting schemes, have relative frequencies
significantly higher than those with small values of v. In particular the combination with location
weights and v = 800 seems to have the best performances in all the cases.

In the case of specification M2 reported in Table 2, with respect to the previous case, the expanding
method has performances even worse than the proposed combinations. Moreover, except for the case
in which the break is located in the middle of the sample, the relative frequencies it enters in the set of
superior model are very low and they decrease as the break location approaches the end of the sample.
With respect to the three weighting schemes, it is more evident that the forecast combinations with
location weights in general outperform those with the equal weights and the trimmed ones. Finally,
regarding the tuning parameter v, the Table shows that, again, high values of v improve the forecasting
performance of the considered combinations.

When considering the M3 specification, reported in Table 3, it is also more evident that not accounting
for the break can have dramatic consequences in forecasting. Indeed, the behaviour of the expanding
window method is very similar to that observed in the previous Table but the values of the relative
frequencies are significantly reduced, especially when the confidence level is &« = 0.25. Moreover,
it is confirmed that the forecast combinations with location weights and high values of the tuning pa-
rameter, especially v = 800, have better performances with respect all the other schemes.

In Tables 4, 5 and 6 the relative frequencies for the parameter specification M1, M2 and M3, respec-
tively, for T' = 4000 are reported. For all the model specifications, the results support the effectiveness
of the proposed combinations with respect to the expanding procedure. Indeed, the expanding method
enters in the set of superior model with very low relative frequencies if the comparison is made with
the corresponding results obtained with 7" = 3000. The general behaviour of the proposed forecast
combinations is confirmed: also in this case, for all the model specifications, the location schemes
associated with a high values of the tuning parameter v seem to have better performances, especially
when the break is located at the end of the sample size. The relative frequencies corresponding to

these combinations are all very large especially when the confidence level is o = 0.25.
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4.2 A comparison with alternative forecast combinations

The proposed forecast combinations have been compared with some alternative combination schemes
proposed in the econometric literature.

In particular the forecast combinations with equal weights and location weights associated with a
tuning parameter equal to 800 (labelled, respectively Mean Wind 800 and Mean Wind 800 Loc) have
been considered; this choice is motivated by the good performances highlighted by these two schemes
in the simulations employed in the previous section. Moreover the forecast combinations proposed by
Rapach and Strauss (2008) and Rapach et al. (2008), reviewed in section (2.1), have been examined;
they are the Rapach and Strauss forecast combination (RS Mean), its trimmed version (RS Trim) and
the Clark and McCraken combination (CM combined). Also in this analysis, the procedure based on
an expanding window has been considered as benchmark. Again, the model confidence set has been
used and the relative frequency a given forecast combination enters in the set of superior model has
been determined.

Tables 7, 8 and 9 report the relative frequencies for the parameter specification M1, M2 and M3 for
T = 3000. From their comparison, it is evident that all the considered forecast combinations have
better performances with respect to the expanding window procedure. The RS Mean trimmed seems to
have the best performance, for all the parameter specifications M1, M2, M3, when the break location
is far from the end of the sample 7 = (0.57,0.67"). The relative frequencies associated with these
forecast combinations decrease when 7 increases, especially for M2 and M3 specification. The RM
mean seems to have a similar behaviour of the corresponding trimmed version but its performances
are lower for 7 = (0.57",0.67") and greater for 7 = (0.77',0.87,0.97"). The CM combined seems to
have good performances for all the values of 7 in the case of M1 specification; however, for the other
parameter specifications M2 and M3, it seems to have good performances for 7 = (0.77,0.87), it
gets worse for 7 = (0.57',0.6T") reaching low relative frequencies for 7 = 0.97.

As shown in the previous subsection, the Mean Wind 800 has, in general, worse performances than
the Mean Wind 800 Loc which outperforms all the other forecast combinations, especially when the
break location is near to the end of the sample, for all the parameter specifications M1, M2 and M3.
Moreover, it behaves well also in all the other cases.

The same parameter specifications for 7' = 4000 are reported in Tables 10, 11 and 12. For all the model
specifications, the results confirm the behaviour of the competing forecast combinations observed
when 7" = 3000. As expected, when 7" increases, the MCS procedure is able to better discriminate
among forecast combinations; in this case there is even more evidence that the Mean Wind 800 Loc

outperforms all the other forecast combinations, especially when 7 increases.
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5 An application to real data

In order to evaluate the effectiveness of the proposed forecast combinations on real data, we have
considered the same data set used by Rapach and Strauss (2008). It consists of daily returns of the
U.S. dollar against the currencies of Canada, Denmark, Germany, Japan, Norway, Switzerland and
the daily returns corresponding to the U.S. trade-weighted exchange rate. The series (Figure 1) cover
the period from 1/2/1908 to 8/13/2005 3.

Following West and Cho (1995) the unconditional and conditional mean of these eight series can
be considered zero while Rapach and Strauss (2008) have given evidence for modelling them as
GARCH(1, 1) processes. Moreover, they have applied the iterated cumulative sum of squares al-
gorithm (Inclan and Tiao, 1994) on the test proposed by Sanso et al. (2004) to detect possible breaks
in the unconditional variance of the series. The exact locations of the structural breaks are reported in
Table 13. In particular, the algorithm selects a single structural break in the unconditional variance of
returns for Germany; two structural breaks for Japan, Norway and Switzerland; three structural breaks
for Canada and the U.S.; four structural breaks for the U.K. As pointed out by Rapach and Strauss,
they appear to correspond to significant economic events, giving evidence that the proposed test strat-
egy is able to identify correctly the breaks. Moreover the GARCH (1,1) parameter estimates, for the
full sample and for each sub-sample identified by the structural breaks, highlight significant shifts in
the intercept of the GARCH (1,1) model. These shifts cause significant changes in the unconditional
variance across regimes justifying the relevance of structural breaks in the analysis of the considered
series and the use of forecasting techniques which account for them.

In the out-of-sample exercise, 1-step-ahead forecasts have been considered; they are based on the sub-
sample formed of the last 300 observations. As in the simulation experiment, we have compared the
forecasts of volatility generated by the forecast combinations Mean Wind 800, Mean Wind 800 Loc,
and those proposed by Rapach and Strauss (2008) and Rapach et al. (2008) defined in the previous
section and labelled RS Mean, RS Trim and CM combined.

Again, the model confidence set has been used to construct the set of combinations which exhibits
the same predictive ability, in terms of QLIKE loss function. Both the statistics proposed in the MCS
procedure (see Appendix A for details) have been considered.

The results are reported in Table 14. With regard to Canada, the MCS reduces to a singleton contain-
ing only the RS Mean trimmed combination. Because the last surviving element is never eliminated,
from Theorem 1 of Hansen et al. (2011), the associated probability approaches 1 as T' — co. In this

case, the only information which could be deduced is that the loss associated to the RS Mean trimmed

3The data can be freely downloaded from http://sites.slu.edu/rapachde/home/research
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combination is the lowest. For all the other countries, there is strong evidence that accounting for
structural breaks in the unconditional variance leads to out-of-sample forecasting gain: the expanding
method is always out of the MCS. The composition of MCS changes across countries; this could be
due to the different numbers, locations and magnitudes of the structural breaks in the series. However
the Mean Wind 800 Loc forecast combination always enters in the set of superior model for both the

statistics.

6 Concluding remarks

This paper has proposed three new combination schemes, which take into account for structural breaks
in the unconditional variance of a GARCH(1, 1) model. They are obtained by averaging forecasts
based on different estimation windows generated by recursively increasing an initial window of a
fixed number of observations v. In the first scheme, the forecast combination is obtained by using
equal weights to average the individual forecasts; the second weighting method simply assigns heav-
ier weights to forecasts that use more recent information; the third is a trimmed version of the forecast
combination with equal weights where a fixed fraction of forecasts with the worst performance are
discarded.

The simulation experiment, carried out to evaluate the effect of the tuning parameter v on the perfor-
mances of the proposed forecast combinations, has shown that the second weighting scheme based on
an high value of v (v = 800) outperforms all the other forecast combinations with low or moderate
values of v and with different weighting schemes. This result is particularly evident when the location
of the structural break is near the end of the sample.

Through the Monte Carlo experiment, it has been verified that the forecast combination with location
weights and with the value of v previously identified seems to better perform also with respect to some
other forecast combinations proposed in the literature.

An empirical application, based on daily returns of the U.S. dollar against the currencies of Canada,
Denmark, Germany, Japan, Norway, Switzerland and the daily returns corresponding to the U.S. trade-
weighted exchange rate, has confirmed these findings.

In any case, several different aspects should be further explored to get a better insight into the usage
of the proposed forecasting combinations. From a computational point of view, a more extensive
simulation experiment should be implemented in order to evaluate the proposed forecasting schemes
when more than one break are present in the data generating process. From a statistical point of view, it
should be assessed if different approaches, other then simulations, can be used to determine a plausible

value for the tuning parameter.
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7 Figures and Tables
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Figure 1: U.S. dollar exchange rate returns
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Table 13: Break dates identified by Rapach and Strauss (2008) for the U.S. dollar exchange rate returns
series.

Canada Denmark Germany Japan
02/01/1980 02/01/1980 02/01/1980 02/01/1980
03/08/1998 20/09/1993 26/12/1996 05/05/1997
10/03/2003 29/08/2000 30/03/2000
26/04/2004 06/04/2001
31/08/2005 31/08/2005 31/08/2005 31/08/2005

Norway Switzerland U.K. U.S.(t.w.)
02/01/1980 02/01/1980 02/01/1980 02/01/1980
17/12/1990 03/10/1995 05/02/1984 19/09/1995
31/08/1992 24/08/1998 25/09/1985 26/12/1996

05/03/1991 13/04/2000

14/10/1995
31/08/2005 31/08/2005 31/08/2005 31/08/2005
Table 14: MCS p-values for the U.S. dollar exchange rate returns series

Canada Denmark Germany Japan
R SQ R SQ R SQ R SQ
Expanding wind 0.00 0.00 0.10 0.10 0.09 0.09 0.11 0.11
RS Mean 0.00 0.00 0.22 0.22 0.22 0.22 0.02 0.02
RS Mean Trim 1.00 1.00 0.44 0.44 1.00 1.00 0.02 0.02
CM combined 0.00 0.00 0.14 0.14 0.09 0.09 0.64 0.64
Mean wind 800-Equ 0.00 0.00 0.33 0.33 0.26 0.26 0.17 0.17
Mean wind 800-Loc 0.00 0.00 1.00 1.00 0.91 0.91 1.00 1.00

Norway Switzerland U.K. U.S. (tw)

R SQ R SQ R SQ R SQ
Expanding wind 0.01 0.01 0.00 0.00 0.21 0.21 0.06 0.06
RS Mean 0.33 0.33 0.01 0.01 0.28 0.28 0.71 0.71
RS Mean Trim 0.63 0.63 1.00 1.00 1.00 1.00 1.00 1.00
CM combined 0.06 0.06 0.00 0.00 0.28 0.28 0.90 0.90
Mean wind 800-Equ 0.25 0.25 0.00 0.00 0.25 0.25 0.14 0.14
Mean wind 800-Loc 1.00 1.00 0.42 0.42 0.25 0.25 1.00 1.00
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Appendix A. The model confidence set

The objective of this procedure is to determine which methods, from an initial set M of methods
indexed by i = 1, ..., M", exhibit the same predictive ability in term of a loss function, given a level
of confidence. In this approach, the comparison is made by using a loss function which is used to rank
competing methods in term of forecasting accuracy.

Let us consider M x as the collection of the best methods, M? the initial collection of all the methods
and L; ; the loss function associated with the method i in period t.

Define the relative performance variablesasd;;; = L1 —L;; Vi,j € M 0 and assumes that £/ (dije)

is finite and does not depend on t. The set of the best models is defined by:
Mx={ie M": E(djj;) <0 Vje M} (16)

In order to determine M, a sequence of significance tests is made and the models that result to be
significantly inferior to other element of M? are eliminated. The hypothesis that is being tested is:
Ho 2 E(dije) =0 foralli,j € M c M° (17)
Han = E(dije) #0 forsomei,j € M C MO

Alternatively, the previous hypothesis can be also formulated as:

Hoar: E(diy) =0 forallie M c M° (18)
Hynv =E(di ) #0 forsomei € M C MY

where d; 4 = (m — 1)} ZjGM dijt-

The MSC is a stepwise procedure which starts by setting M = M. The test H s is then implemented
at level a. If Hy s is not rejected Mf_a = M; if Hy s is rejected an object from M is eliminatee
and the procedure is repeated until Hy »s is not rejected. The set M 1_,, 1s defined as the “superior set
of models” and it contains the surviving method.

Despite its sequential nature, the MCS procedure does not accumulate type I error. This is due to the
fact that the test stops when the first hypothesis is not rejected.

Let define the following two t-statistics that form the basis of tests of hypothesis (17) and (18):

= ——— o= (19)
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where:
n

dij = %Zdij,t d; = % Z d;j (20)

t=1 jeM

are, respectively, the relative sample loss between ith and jth models and the sample loss of the i-th

model relative to the average across models; var(d;;) and var(d;.) denote estimates of the variance

of Eij and d;. respectively.
The two hypothesis (17) and (18) respectively, map naturally into the two test statistics:

T = max |t;; T = max#{; 21
R.M i,jeM’Zj‘ Q.M = maxt; (21)
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