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PROBABILITY FORECASTS AND PREDICTION
MARKETS

Julia Mortera* A. Philip Dawidf

Abstract

We give an overview of various topics tied to the expression of uncertainty about
a variable or event by means of a probability distribution. We first consider meth-
ods used to evaluate a single probability forecaster and then revisit methods for
combining several experts’ distributions. We describe the implications of imposing
coherence constraints, based on a specific understanding of “expertise”. In the final
part we revisit from a statistical standpoint some results in the economics literature
on prediction markets, where individuals sequentially place bets on the outcome
of a future event. In particular we consider the case of two individuals who start
with the same probability distribution but have different private information, and
take turns in updating their probabilities. We note convergence of the announced
probabilities to a limiting value, which may or may not be the same as that based

on pooling their private information.

Key Words: consensus; expert opinion; information aggregation; probability fore-
cast; sequential prediction
JEL No. C530, C180, D700, D810, G140, E370

1 Introduction

In this Chapter we give an overview of various topics tied to probability forecasting,
i.e., the use of probability distributions to express uncertainty about future events—a
problem area to which Steve Fienberg made seminal contributions. In particular, we
consider methods for assisting and assessing a single forecaster; methods for combining
the probability forecasts of several forecasters; and prediction markets, where forecast-
ers take turns to announce their current probabilities, taking into account previous
announcements.

We start, in §[2] by reviewing methods for motivating and assessing a single fore-

caster. Important tools here include proper scoring rules, which motivate the forecaster
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to give honest predictions; calibration, which compares average forecasts to observed
frequencies, and resolution and refinement, which reflect expertise in the subject area.

In §[3 we describe methods for opinion pooling, where a decision maker consults
a number of experts who give their opinions as probability statements, and needs to
combine these somehow. We consider model-based and axiomatic approaches, and the
application of coherence constraints under a specific definition of what constitutes ex-
pertise as seen by You, the decision-maker. These approaches are illustrated with the
linear and logarithmic opinion pools.

Section [ discusses prediction markets, which are venues where individuals trade
predictions on uncertain future events, and allow participants to stake bets on future
events. The individuals take it in turns to update their probabilities for a future event,
taking into account the previously announced probabilities of the other individuals,
which may be based on unannounced private information. We show that there will
always be convergence to a limiting value, but this may or may not be the same as the
value they could achieve if they were able to pool all their private information.

Finally §[f] reviews the main contributions of this Chapter.

2 Evaluating a single probability forecaster

Following |Dawid (1986), consider a forecaster F' who is required to describe his uncer-
tainty about some unknown event A (coded A = 1 if A happens, A = 0 if not) by
quoting a value g € [0, 1], intended to be interpreted as his personal probability for the
event A. So long as ¢ # 0 or 1, one might consider that neither outcome of A could
discredit F’s quote. Nevertheless a higher value is clearly better when A = 1, and a
lower value when A = 0. Here we consider ways of motivating and evaluating F', both

for single and for multiple events.

2.1 Scoring rules

To induce F' to give an honest prediction, we might penalise him with a loss S(a,q),
depending on his quoted probability forecast ¢ and the eventual outcome a (= 0 or 1)
of A. Such a loss function S is termed a scoring rule. We assume that the forecaster
F wishes to minimise his expected loss. Let p = Pr(A = 1) be F’s true subjective
probability of A. Then when he quotes probability value ¢ his expected loss is S(p, q) :=
pS(1,q) + (1 —p)S(0,q). The forecaster should thus choose ¢ to minimise S(p,q). The
scoring rule S is called [strictly] proper if, for any true probability p, the expected loss
S(p, q) is minimised if [and only if] ¢ = p. Under such a scoring rule, honesty is the best
policy.

There is a wide variety of proper scoring rules, which can be tailored to emphasise

different parts of the probability range. Important examples are the following.



a) The Brier score or quadratic loss function (Brier, 1950; lde Finetti, 1954]):

S(1,9) = (1—q)
5(07Q) = C]2-

b) The logarithmic scoring rule (Good, 1952):

S(1,q) = —logg
S(0,q) = —log(1—q).

As well as motivating honesty before the event, a proper scoring rule can be used
after the event, to quantify the quality of the forecaster’s performance, in the light of the
observed outcome a, by means of the realised score S(a, q) (a lower value being better).
Different forecasters, with their differing ¢’s, can thus be compared.

When a forecaster makes a sequence of probability forecasts, for multiple events, ad-
ditional evaluation criteria become available. In particular, we can assess the calibration

and resolution of the forecasts issued.

2.2 Calibration

Suppose that, over a long sequence, F' has issued probability forecast p; for event A;.
Now choose 7 € [0, 1], and consider all those occasions i for which p; = 7 (to a good
enough approximation). Supposing there are many such occasions, let p(m) denote the
relative frequency of success (A; = 1) on these occasions. A plot of p(7) against 7
is the forecaster’s calibration curve, and the forecaster is said to be well-calibrated, or
probability calibrated, when he is “getting the relative frequencies right”, i.e., p(m) =~
7 for all values of m used. In meteorology, calibration is called also termed validity
or reliability, and a well-calibrated forecaster is called perfectly reliable. It is shown
in Dawid (1982) that, when events arise and are predicted in sequence, probability

calibration is a necessary (though not sufficient) requirement of a good forecaster.

2.3 Resolution

Probability calibration is a fairly weak constraint on a forecaster. It will hold for the
“’naive forecaster”, who quotes the same value q for every A;, so long as ¢ = m, the
overall relative requence of success; as well as for the ideal “perfect forecaster”, who has
a crystal ball and so can always give probability 1 to the outcome a; of A; that actually
occurs (so ¢; = a;). Although both are well-calibrated, the latter is doing a much more
useful forecasting job than the former.

More generally, a good forecaster should be able to issue many forecasts close to the
extreme values 0 or 1, with few intermediate values, while remaining well-calibrated. The

same criterion can be applied to an uncalibrated forecaster, if we first replace each issued



probability ¢; by its recalibrated version r; = p(g;). The term “resolution” refers to the
extent to which a forecaster’s (possibly recalibrated) forecast probabilities are widely
dispersed on the unit interval. Thus a weather forecaster’s resolution is a reflection of
his knowledge of, and skill in, forecasting the weather, whereas his calibration addresses
his entirely different ability to quantify his uncertainty appropriately.

Resolution can be quantified in various ways, for example by the variance of the
recalibrated forecasts. More generally, let S be an arbitrary proper scoring rule. We
might assess a forecaster’s overall performance, over n events, by his total achieved
penalty score, Sy := > | S(ai,¢;), where g; is his quoted probability for A;, and a; = 0
or 1 is the outcome of A;. This total score can be used to compare different forecasters.
Now introduce the entropy function associated with S, H(p) := S(p,p), which is a
concave function of p; and the associated discrepancy function, D(p, q) := S(p,q)—H (p),
which is non-negative and vanishes for ¢ = p. (For the Brier score, H(p) = p(1 —p), and
D(p,q) = (p—q)%.) Let r; = p(q;) be the recalibrated version of ¢;. Then (DeGroot and
Fienberg, 1983)) we can decompose S, = S + Sy, where

Si = > D(ri,q)
=1

Sy = Y H(r).
=1

We see that S; > 0, with equality if r; = ¢; for all ¢: S7 thus penalises poor calibration.
As for Sy, since H is concave it is smaller when the recalibrated forecasts (r;) are clus-
tered near 0 and 1, and thus S5 penalises poor resolution. We can use these components
of the overall score to compare forecasters in terms of their calibration and/or their
resolution.

We can further decompose Sy = nH(my) — S3, where S3 = > | D(r;.m), and
T = nt >, a; is the overall relative frequency of success. Since the first term is
fixed, a larger S3 indicates better resolution. For the Brier score this delivers the variance

criterion.

2.4 Refinement

DeGroot and Fienberg (1983)) describe a partial ordering between forecasters which is
related to resolution. This is based on the theory of sufficiency in the comparison of
statistical experiments (Blackwell, 1951]).

Consider two forecasters, F' and F’, who issue respective forecasts (g;) and (q}) for
the same sequence of events (4;), with outcomes (a;). We can suppose both forecasters
are well-calibrated; if not, we work with their recalibrated forecasts, rather than the raw
values. Then we say that F is more refined than I’ if there exist a specification of a

conditional distribution, p(q’ | ¢), of ¢’ given ¢, such that, both for & = 0 and for o = 1,



we can generate the (empirical) distribution of ¢/, for those events having a = «, by first
generating ¢ from its distribution given a = «, and then generating ¢’ from p(q’ | q).
In this case we can consider ¢’ as a noisy version of ¢, with the noise unrelated to the
true outcome—which suggests that F’ has poorer performance than F. Indeed, it can
be shown that, when this property holds, the resolution score Sy for F' will not exceed

that for F”, for any proper scoring rule S.

3 Combining several opinions

It is sometimes necessary to construct a single opinion by combining a number of indi-
vidual opinions. A decision maker might consult a number of experts (financial, meteo-
rological, medical, etc.) before reaching a final decision.

We can distinguish three types of problem:

(a). When opinions are expressed as probability distributions. For reviews of opinion
pooling in this setting, see for example (Genest and Zidek (1986); DeGroot and
Mortera (1991); Dawid et al. (1995); |Clemen and Winkler (1999); Ranjan and
Gueiting (2010). Marschak and Radner (1972)) developed team theory from an

economic perspective.

(b). Group decision making when opinions are expressed as preferences among alter-
natives: see for example |Arrow (1951)); Luce and Raiffa (1958)); |Laffont (1979)).

(c). Meta-analysis where different quantitative methods are used to combine the results

of different studies on the same topic.

Here we will be concerned only with problems of type @ We shall suppose that the
experts’ opinions are expressed as probability distributions, over a fixed set of events
and quantities of interest, but the data underlying those opinions remain undisclosed.
The ideal approach to merging several experts’ views would be for each of them to
report all the data and background knowledge on which his or her opinions are based,
and for You, the decision maker, to combine all this information with Your own prior
opinions, and any additional data You may have, using Bayes’s theorem; but in the
absence of access to the underlying data, You can only work with the experts’ opinions,
expressed as probability distributions. Their distributions will most probably differ.
Your task is to combine these differing opinions, somehow, into a single distribution
to use as Your own. Let the k experts F1, Fo, ... Fy, give their probability predictions
Iy, I, . . . Tx, for an uncertain quantity, perhaps an event A or the parameter 6 of a
distribution. You must pool the experts’ distributions to form Your resulting aggregate

or pooled distribution, II.



3.1 Model-based approach

In this approach the experts’ opinions are modelled as data (for You) and, on combining
the data with Your own prior opinions, using Bayes’s theorem, You can construct Your
own Posterior distribution. This approach is taken by, among others, Winkler (1981);
French (1986)); Lindley (1983)); Berger and Mortera (1991). For the case of a single
event, Winkler (1981) assumes that the various log-odds have a multivariate normal
distribution.

However, the process by which probability assessments are generated is not in general
very easy to formalise—unlike the mechanisms by which experimental data are typically
generated. The model needs to take into account the decision maker’s opinion, the
dependence between that and the experts’ opinions, the interdependencies among the

experts’ opinions, and the dependence between all of these and the quantity of interest.

Group with complete interaction In the case where all experts exchange informa-
tion, the problem of consensus of opinions expressed as probability distributions is an
example of complete interaction. DeGroot (1974) considers a group of individuals who
must act together as a team or committee, each individual in the group having his/her
own subjective probability distribution for the unknown quantity. After these are all
announced (round 1), each expert updates his distribution to a linear combination of
all the distributions. This procedure is repeated over many rounds, the weights varying
between experts but being fixed over time. DeGroot (1974) presents a condition under
which the group eventually reach agreement on a common probability distribution. The
model can also be applied to problems of reaching a consensus when the opinion of each
member of the group is represented as a point estimate, rather than as a probability
distribution. [Aumann (1976 studied the dynamics of reaching a consensus through
Bayesian dialogue, where conflicting opinions in a group are due solely to the fact that

the members have different information sets.

Group with partial interaction The theory above bears a resemblance to the Del-
phi technique (Pill, 1971)), used to reach agreement among a panel of experts. The
Delphi technique is a purely empirical procedure and is not based on any underlying
mathematical model. Again, it is applied iteratively in a sequence of rounds. At each
round, the individuals are informed of the opinions of the others in the group and al-
lowed to reassess their own opinion before proceeding to the next round. Because of
the empirical nature of the Delphi technique it provides no conditions under which the

experts can be expected to reach agreement or terminate the iterative process.



3.2 Axiomatic approach

In this approach a series of axioms are laid down which an opinion pooling method
should satisfy. For example, if all the experts agree on a certain property—e.g., that
certain events are independent—then one might require that this should be preserved
in the aggregated distribution. Another such property is invariance with respect to
marginalisation, i.e. You would attain the same aggregated opinion if you first aggregate
overall and then marginalise, or if each expert gives his marginal distribution and You
then aggregate those. Depending on the properties assumed, a variety of aggregation
methods can be derived. Among these we will discuss the linear opinion pool and the

logarithmic opinion pool.

Linear Opinion Pool [Stone (1961)) considered the linear opinion pool:

m

T=> wil, (1)
i=1
where w; > 0 and ) ;" w; = 1. He suggested that the opinion pool is democratic if You
use equal weights w1 = we = -+ = wy,, = 1/m.

The linear opinion pool has both advantages and disadvantages. [McConway (1981))
proved that if you require the marginalization property then the rule for aggregation
must be linear (if at least three non trivial events exist). The weights w; can be in-
terpreted as reflecting the previous performance of the experts. |DeGroot and Mortera
(1991) derived the optimal weights according to a criterion based on the Brier score.

Ranjan and Gneiting (2010) show that the linear opinion pool is uncalibrated, even

when the individual probability forecasts are calibrated.
Logarithmic Opinion Pool The logarithmic opinion pool is given by

m
log ™ = wp + Zwi log m;,
i=1
where 7 [resp., m;] is the density function of II [resp., II;], and wg, a function of
(w1, ..., wy), is chosen to ensure that II is a probability distribution. This was derived
by [Weerahandi and Zidek (1981)). An important property of the logarithmic opinion
pool is its consistency under aggregating and updating i.e. if You first aggregate opin-
ions and then update the pooled opinion when new information is available, or if the
experts first update their opinions with the new information and You then aggregate
these. However, the weights do not have a simple interpretation, and if a probability
given by any expert for an event is zero then the pooled probability is zero, whatever

weight he/she has, and whatever the other experts’ opinions are.



3.3 Coherent combination

Dawid et al. (1995)) investigate coherent methods for combining experts’ opinions, when
these are expressed as probabilities for some fixed event A. Neither axiomatic nor mod-
elling assumptions are made. Instead a restricted definition is used of what constitutes
expertise, as seen by You, the decision-maker: an expert is considered to be someone who
“shares Your world-view”, i.e. if You both had identical information, You would both
have identical opinions. However, the expert may know more than You do. It is assumed
that the probabilities the expert provides are correctly and coherently computed.

Suppose You have access to k different experts. If You were to obtain a probability
for an event A from just one of these, You should adopt it as Your own; but the different
experts’ probabilities will typically differ, since they will be based on differing informa-
tion. You require a combination formula to apply to the full collection (Ily,--- ,IIx) of
expert probabilites, to compute Your own probability II.

Before You consult the experts, their various reports (Ily,--- , 1) will be, for You,
uncertain random quantities, jointly distributed together with the uncertain event A
of interest. Let P* denote Your overall joint distribution on the random quantities
(I3, --- , 1, A) and let P denote the implied distribution for the (II;), marginalizing
over A.

The laws of coherence require that, on learning all the experts’ probabilities, You
should assign probability P*(A | ITy,--- ,II;) to A. This yields the combination formula

H:q)(Hl,,Hk)EP*(A|H1,,Hk) (2)

Note that, if expert ¢ bases Her probability on observation of X;, then II; = P*(A | X;)
where here P* is extended to encompass the (X;); but in general the value of X; will not
be fully recoverable from that of II;, so that the right hand side of will not usually
be the same as P*(A | X1, -+, Xk).

The question addressed is: When will a given combination formula ® be coherently
compatible with some joint distribution P for the experts’ reported opinions? i.e., When
will there be some overall joint distribution P* under which II; = P*(A | II;), the implied
distribution for (IIy,--- 1) is P, and holds?

Compatibility Consider the case of kK = 2 experts and an event A, where expert FE;
observes X; and reports II; = P*(A | X;), for i = 1,2. Then, from the definition of an
expert, II; = P*(A | II;), and defining ®(I1;,IIy) = P*(A | 111, I12), ® must satisfy:

0< &Iy, 10,) < 1 (3)
Ep(® | IL) =1L, i = 1,2. (4)

Then Ep(®) = Ep(Il1) = Ep(Il2) = 7o, say. Thus, by Bayes’s theorem

p*(m, w2 | A) = 7y @ (w1, m2)p(m, m2),



where m9 = P*(A).
The pair (P, ®) determine a unique distribution P* for (I1y, I, A) with P*(A | II;) =
I1;, P*(A) = mp. Conditions (3]) and (4) are necessary and sufficient conditions for logical

consistency and the pair (P, ®) are then termed compatible.

Characterizations In general, the problems of characterizing all ®’s compatible with
a given P, and wvice versa, are difficult. This set, defined by and , is convex, but
not generally a simplex. It might be empty, or contain just one member, or many.

Let P denote a joint distribution for (Ily, II3) having E(II;) = E(Il) = mo; and let ®
be a combination formula. Define a finite measure @ by dQ (w1, m2) := ®(m1, m2)p(71, 7T2),
and let P; and @; be the marginals for II; under P and @ respectively. Dawid et al. (1995])
show that ® and P are a compatible pair if and only if dQ;(m;) = mdP;(m;) = dP;(m;)
for ¢ = 1,2. Given P, this shows that the problem of finding a compatible ® reduces to
that of characterizing measures @) having specified marginals and with d@Q/dP < 1.

As a corollary of the above, for any absolutely continuous coherent joint distribution
P for (IT;, I15), there exists a compatible combination formula ® that takes values 0 and
1 only. This implies that it is logically consistent that the combination of opinions could
deliver absolute subjective certainty as to whether the event A holds or not.

Most of the literature on combining opinions uses axiomatic properties or modelling
assumptions to derive particular pooling recipes. Compared with these, the assumptions
for coherent pooling are less restrictive.

This analysis also offers guidance for assessing pooling formulae that have been
suggested from other approaches. Thus consider combination rules that can be expresses

in the generalized linear form
9(®) = a1g(Ily) + ang(Ilz) + ¢, (5)

for some monotonic continuous function g. These include those considered in §[3.2]

Linear opinion pool Dawid et al. (1995) show that, with and (4)), a generalised
linear opinion pool

® = oI + aslly + ¢ (6)
has ap + a1 + ag = 1 where ¢ = agmg, with 79 := P*(A). In particular, if ¢ # 0
every distribution P* compatible with ® must assign the same prior probability my =
¢/(1 — a1 —ag) to A. When both experts agree, You will adopt their common forecast

if and only if it is the exactly same as Your prior probability for A.

When a1, as and ¢ = agm are all non-zero, implies that

EP(HQ ‘ Hl) = M + (1 — )\)7‘(’0 (7)
Ep(Ily [2) = pllp 4+ (1 — p)mo (8)



where X\ := (1 — a1)/ag, p:= (1 — ag)/ay, i.e. each II; has a linear regression on the
other.

Conversely, any joint distribution P on [0, 1]? that satisfies and is compatible
with a ® of form @, for

I )

a = 1=

_ 1=

@ = 1— A
c = mo(l—a; —ag)

as long as it gives probability 1 to the event 0 < a1l + aolly + ¢ < 1, thus satisfying
(3). This characterizes all distributions P compatible with ® in ((6])).

Note that not all choices of the « coefficients are coherent. Since, from and ,
A is the squared correlation p? between ITy and Iz, we must have 0 < (1 — aq)(1 —
ag)/aiae < 1. In contrast with an assumption commonly made for linear opinion pools,
it is not coherent for a1, s and c all to be strictly positive, since then both regression
coefficients in and would exceed 1.

Logarithmic opinion pool A generalised logarithmic opinion pool can be expressed
as

logit ® = aq logit IT; + as logit Ty + g logit o, (9)

where logit z = log{z/(1 — x)}.

This combination formula can arise as follows. Given A or A, let (X1, X2) be bi-
variate normal with var(X; | A) = var(X; | A) = 1, and cov(X1, Xs | A) = cov(X1, X2 |
A) = p, with p? # 1 and E(X; | A) = §;/2 and E(X; | A) = —6;/2 for i = 1,2. Let
I; :== P*(A | X;) and ® := P*(A | X1, X2). Bayes’s theorem yields

logit IT; = logit mg + §; X,
and
logit P*(A | Xl,XQ) = logit my + (1 — ,02)_1 {(51 — p(SQ)Xl + (52 — p51)X2} .

Hence @ holds, with oy = (1 — pn)/(1 — p?), and ag = (1 — pp~')/(1 — p?), where
n= 52/61, and g = 1-— a1 — Q9.
Again we have ag + a3 + as = 1, and if oy # 0, @D determines my. Since ag =

—(1— p2)a1a2, again «q, a1 and ag cannot all be strictly positive.

Conditional independence If the two experts’ opinions are conditionally indepen-
dent given both A and A, Iy 1L Tl | (A, A), then

logit ® = logit IT; + logit IT5 + ¢, (10)

10



where ¢ = — logit 7.
Dawid et al. (1995) prove the following theorem which characterizes all joint distri-
butions compatible with .

Theorem 1 A necessary and sufficient condition for a joint density f(mi,72) to be
compatible with ® in (@) 1s that

f(m,m2) = {[1 — mo)mime + mo(1 — m1)(1 — m2)]/(mo(1 — o)) bg(mi,m2)  (11)

where my = (1 + €)™t and g is a density such that E,(I; | IIy) = E,(I1z | I;) = .
In this case, mg is the common expectation of 111 and Iy under f and, thus, the prior
probability of A.

4 Prediction Markets

This part of the paper revisits some results appearing in the economics literature from
a statistical point of view.

A prediction market—also known as a predictive market, an information market,
a decision market, or a virtual market—-is a venue where experts can trade predic-
tions on uncertain future events, and can stake bets on various events occurring. Such
events might be, for example, an election result, a terrorist attack, a natural disaster,
commodity prices, quarterly sales or sporting outcomes. Prediction markets also of-
fer trade in possible future outcomes on securities markets, in which case participants
who use it are buying something like a futures contract. The Iowa Electronic Markets
(http://tippie.uiowa.edu/iem/) of the University of lowa Henry B. Tippie College of
Business is one of the main prediction markets in operation. Also companies like Google
have their own internal prediction markets. Prediction markets sometimes operate as
an open market like the stock market, or as a closed market akin to a betting pool. A
prediction market translates the wisdom of crowds into predictive probabilities.

For example, suppose that in a prediction market one can bet whether A occurs
(before time t), and individuals can trade contracts among each other. Consider a
contract that pays 1 if event A occurs, and 0 otherwise. Say the current market price
for the contract is 0.58. Offers to buy and sell are fixed at 0.57 and at 0.59, respectively.
Now you can either pay 0.59 instantly, or post an offer to pay 0.58 and see if any one
is willing to sell at that price. If so the new market price, 0.58, becomes the consensus
probability.

Prediction markets have been discussed by |Aldous (2013); Arrow et al. (2008)); Han-
son (2003)); Chen et al. (2010)); Hanson et al. (2006)); Wolfers and Zitzewitz (2008)); Strahl
and Ziegel (2015), among others.
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4.1 Basic setup

We shall focus on the opinions of a specific individual, “You”, possibly but not necessar-
ily a participant in the market, and how these opinions change in the light of accumu-
lating experience. We suppose that Your opinions are expressed as a joint probability
distribution, Pr, over all relevant variables. Other individuals may have their own prob-
abilities for various events, but for You these are data. In the sequel, all probabilities
are computed under Your distribution Pr.

We shall again interpret the term “expert” in the sense of DeGroot (1988); |[Dawid
et al. (1995). That is, an individual E' is an expert (for You) if E started with exactly
the same joint probability distribution Pr over all relevant variables as You, and has
observed everything that You have observed, and possibly more. Then when You learn
(just) the probability II that E assigns to some event A, Your updated probability for
A will be II. That is, You will agree with the expert.

In the context of a prediction market, suppose that experts E1, Fo, .. ., sequentially
announce their probability predictions IIy,Ils, ..., for a future event A. Thus E; is the
expert that makes the forecast at time 7, and we allow that the same expert could make
forecasts at different times. At time i expert E; has access to all previous forecasts
IIy,...,1I;_1, and possibly additional private information H;; but E; will typically not
have access to the private information sets Hy, ..., H;_1 that the previous experts used in
formulating their forecasts. However, in some markets there is an option for forecasters
to leave comments, which could give partial information K; (which might be empty)
about H;. We assume that each forecaster is aware of all such past comments. Thus
II; = Pr(A | T;), where T; := (K1,1Iy,...,K;—1,11;_1, H;) is the total information
available to Fj;.

The full public information available just after time i is S; := (K1, Iy, Ko, o, ..., K;, IL;).
Note that S; and T; both contain all the information made public up to time ¢ — 1. They
differ however in the information they contain for time i: T; incorporates the totality,
H;, of expert E;’s information, both public, K;, and private, whereas S; incorporates
only E;’s public information, K;, and her announced probability forecast, II;, for A at
time ¢. The information sets (T;) are not in general increasing with ¢, since H; is in-
cluded in T; but need not be in T;;1. The information sets (S;) are however increasing.
The following Lemma and Corollary show that, for You, for the purposes of predicting
A both information sets T; and S; are equivalent, and Your associated prediction is just

the most recently announced probability forecast.

Lemma 1 Pr(A|S;) =Pr(A|T;) =1I;.
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Proof. Since T; O S; > II;,

Pr(A[S;) = E{Pr(A|T;)]S:}

= E(IL | S:)
= I
= Pr(A|T).

Corollary 2 If You observe the full public information S;, and have no further private

information, Your conditional probability for A is just the last announced forecast 11;.

4.2 Convergence

From Lemma [l and the fact that the information sequence (.S;) is increasing, we have:
Corollary 3 The sequence (11;) is a martingale with respect to (S;).

Then by Corollary |3| and the martingale convergence theorem, we have:
Corollary 4 As i — oo, Il; tends to a limiting value Il.

The variable I1, is random in the sense that it depends on the initially unknown (to
You) information sequence Sy := lim S; that will materialise, but will be a fixed value
for any such sequence.

A perhaps surprising implication of Corollary [4] is that, eventually, introduction of
new experts will not appreciably change the probability You assign to A—whatever new
private information they may bring will be asymptotically negligible compared with the
accumulated public information. We term I, the consensus probability of A, and the
information S, on which it is based the consensus information set. The information Sy,
is common knowledge for all experts in the sense of Aumann (1976): see Geanakoplos
(1992a.b)); Nielsen (1984)); McKelvey and Page (1986)).

It might be considered that the limiting value Il has succeeded in integrating all
the private knowledge of the infinite sequence of experts. As we shall see below this is

sometimes, but not always, the case.

4.3 Two experts

As a special case, suppose we have a finite set of experts, F1,..., Eyn, and we take
Ent1 = Ey (so Hyy1 = Hi), Enyo = Es, etc.  Thus we repeatedly cycle through
the experts. Continuing for many such cycles, eventually we will get convergence to

some Il,, at which point each expert will not be changing her opinion based on the
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total sequence of publicly announced forecasts, even though she may still have access to
additional private information.
At convergence, it will thus make no difference to expert F; to incorporate (again)

her private information H;. Consequently we have:
Proposition 5 For each i, A1 H; | S.

In the sequel we consider in detail the case N = 2 of two experts, who alternate
FEy, FEs, Fq, Es, ... in updating and announcing their forecasts. |Geanakoplos and Pole-
marchakis (1982) have studied this in the case that there is no side-information, and
each expert E;’s set of possible private information has finite cardinality, k; say. They
show that exact consensus is reached in at most k1 + ko rounds.

Dutta and Polemarchakis (2014) give a simple example, with two experts, that shows
that the order in which the experts play can matter. In their example they show that
when one of the experts starts they reach complete consensus (i.e., equivalent to pool-
ing their private information), whereas on changing the starting order they only reach a
limited consensus. Dutta and Polemarchakis (2014) further show that if an expert has
additional information this can produce a weaker consensus. They call this “obfusca-

tion”.

4.4 Vacuous consensus

We start with some examples where the experts learn nothing from each other’s forecasts—
although they would learn more if they were able to communicate and pool their private
data.

Example 1 Parity check
This example is essentially the same as that described by |Geanakoplos and Polemar-
chakis (1982, p. 198).

Let X;, X5 be independent fair coin tosses. Expert F; observes only X; (i = 1,2).
Let A be the event X; = X5. This has prior probability 0.5.

On observing his private information X, whatever value it may take, Ei’s prob-
ability of A is unchanged, at 0.5. His announcement of that value is therefore totally
uninformative about the value of X;. Consequently Fy can only condition on her private
information about Xo—which similarly has no effect. The sequence of forecasts will thus
be 0.5, 0.5, 0.5, .... Convergence is immediate, but to a vacuous state.

However, if the experts could pool their data, they would learn the value of A with

certainty. O

Example 2 Bivariate normal
With this example, we generalise from predicting an uncertain event to predicting an

uncertain quantity.
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Suppose that E; observes X1, and Fs observes Xs, where (X7, X2) have a bivariate
normal distribution with means E(X;) = 0, variances var(X;) = 1, and unknown corre-
lation coefficient p—which is what they have to forecast. Let p have a prior distribution
IIy. Since X is totally uninformative about p, Fi’s first forecast is again Iy, and so
is itself uninformative. Again, Fo has learned nothing relevant to p, and so outputs
forecast Ily; and so on, leading to immediate convergence to a vacuous state. However
the pooled data (X1, Xs) is informative about p (though does not determine p with
certainty). O

In the above examples, each expert’s private information was marginally independent
of the event or variable, generically Y say, being forecast, with the immediate result that
the consensus forecast was vacuous, the same as the prior forecast. Conversely, suppose

the consensus is vacuous. That is to say,
Y 1 Soo. (12)
From Proposition [5] (trivially generalised) we have
Y UL H; | Seo. (13)
Combining and , we obtain Y 1l (H;, Sw) whence, in particular,
Y Il H;.

Hence the consensus will be vacuous if and only if each expert’s private information is,
marginally, totally uninformative. The argument extends trivially to any finite number

of experts.

4.5 Complete consensus

We use the term complete consensus to refer to the case that the consensus forecast will
be the same as the forecast based on the totality of the private information available to
all the individual forecasters. A simple situation where this will occur is when II; is a
one-to-one function of H;, so that, by announcing II;, expert E; fully reveals her private

information.

Example 3 Overlapping Bernoulli trials

Let 0 be a random variable with a distribution over [0, 1] having full support. Given 6,

let Yy ~ B(ng,0), Y1 ~ B(n1,0), Yo ~ B(ngy,0), and A ~ B(1,6), all independently.
Suppose E; observes X7 = Yy + Y7, and Es observes Xo = Yy + Y. At the first

stage, E1 computes and announces I1; = Pr(A | X;)—which is a one-to-one function of

X1. For example, under a uniform prior distribution for 8, II; = (X1 +1)/(ng +n1 +2).

Then at stage 2, F5 will have learned X7, and also has private information X5. Thus
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Il = Pr(A | X1, X3), the correct forecast given the pooled private information of F;
and Fo (though different from that based on full knowledge of (Y1, Y2,Y2)). Further

cycles will not change this probability, which will be the consensus. a

Example 4 Linear prediction

Consider variables X = (X1,...,Xy), Z = (Z1,...,Zy) and (scalar) Y, all being jointly
normally distributed with non-singular dispersion matrix. Expert 1 observes H; = X,
Expert 2 observes Hy = Z, and they have to forecast Y. Each time an expert announces
her predictive distribution for Y, she is making known the value of her predictive mean of
Y, which will be some linear combination of the predictor variables (X, Z). So generically
we would expect convergence of the forecasts, after at most min{k, h} rounds, to the
full forecast based on the pooled information (X,Z). This has been shown by [Duttal
and Polemarchakis (2014). However they did not give a numerical illustration, which
we now supply.

We have made use of the 93CARS dataset (Lock, 1993)), containing information on
new cars for the 1993 model year. There are n = 82 complete cases with information on
26 variables, including price, mpg ratings, engine size, body size, and other features. We
took X = (X71,...,X11) to be the variables 7 to 17, Z = (Z1, ..., Zy) to be the variables
18 to 26, and Y to be variable 5 (Midrange Price).

Let S denote the uncorrected sum-of-squares-and-products matrix based on the data
for these variables. The fictitious model we shall consider for the prediction game has
(X,Z,Y) multivariate normal, with mean 0 and dispersion matrix ¥ = S/n. The
predictive distribution of Y, based on any collection of linear transforms of the X’s and
Z’s, will then be normal, with a mean-formula that can be computed by running the
zero-intercept sample linear regression of Y on those variables, and variance that will
not depend on the values of the predictors. Note that, although our calculations are
based on the sample data, the values computed are not estimates, but are the correct
values for our fictitious model.

Let Uy be the variable so obtained from the sample regression Y on X = (X1,..., X11).
Recall that both experts are supposed to know the model, hence ¥, and know which
variables each is observing. Consequently both know the form of U;, but initially only
Eq, who knows the values of (Xi,...,X31), can compute its value, u; say. Since his
round-1 forecast for Y is normal with mean u;, while its variance is already computable
by both experts, the effect of E; issuing his forecast is to make the value u; of U; public
knowledge.

It is now Ej’s turn to play. At this point she knows the values of Uy and (Z1, ..., Zy),
and her forecast is thus obtained from the sample regression of Y on these variables.
Let this regression function (computable by both experts) be Vi; then at this round Es
effectively makes the value vy of V4 public.

Now at round 2, Fj regresses Y on (X, ..., X11, V1) (U1, which is a linear function of
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his privately known X’s; being redundant), and announces the value uy of the computed
regression function Us. And so on.

The relevant computations are easy to conduct using the statistical software package
R (R Development Core Team, 2011). At each stage, we compute the 82 fitted values
based on the regression just performed. These can then be used as values for the new
predictor variable to be included in the next regression. Moreover, convergence of the
forecast sequence will be reflected in convergence of these fitted values.

As a numerical illustration, suppose F; has observed
X =x=(16,25,2,1,8,4.6,295,6000, 1985, 0, 20.0),
and E5 has observed
Z =1z=(5,204,111,74,44,31.0,14,3935,1).

Before entering the prediction market, E7’s point forecast for Y, based on his data
X = x, is u; = 40.6163, and FE5’s point forecast for Y, based on her data Z = z, is
vo = 30.6316. If they could combine their data, the forecast, based on (X,Z) = (x,z),
would be 39.73925.

On entering the market, the sequence of their predictions is as given in Table [[l We

z‘:\l 9 3 4 5 6 7 8 9 10

u;: | 40.62 3949 39.34 39.51 39.55 39.54 39.66 39.75 39.73917 39.73925
vi: | 38.28 39.40 39.46 39.54 39.56 39.63 39.67 39.74 39.73924 39.73925

Table 1: Sequence of market predictions for Y

observe convergence, both for the fitted values and the predicted standard deviations,
from round 10 onwards. As soon as FE; has access to the values of Uy,...,Uy, he
effectively knows Z1,...,Zg, and his forecast becomes the same as that based on the
pooled data. And as soon as F7 makes that public, F» can make the same forecast. The
predictions of both experts will remain the same thereafter.

As a second illustration, suppose E; has observed
X =x=(22,30,1,0,4,3.5,208, 5700, 2545, 1,21.1),
and F» has observed
Z =z = (4,186,109, 69, 39,27.0, 13, 3640, 0).

Before entering the prediction market, F;’s point forecast for Y is 27.80968, and FE»’s
point forecast is 36.593865. Their market forecasts converge at round 10 to 31.22983,
the forecast based on all the data.

These two examples illustrate within-sequence convergence, to a data-dependent
limit. O
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4.6 Limited consensus

In all the above examples, convergence was either to a vacuous state, or to a complete
consensus based on the totality of the pooled private information. As the following

example shows, it is also possible to converge to an intermediate state.

Example 5 Suppose # and X; have independent N(0,1) distributions, while, given
(0,X1), Xo ~N(6X;1,1). Expert E; observes Hy = Xj, while Ey observes Hy = Xo.
The interest is in predicting 8. A sufficient statistic for 6, based on the combined data
(X1, X9), is (X1 X2, |X1|) = (S1,S2), say. The posterior distribution is

s1 1
0 — ~N|(——, 77—
| (51, 82) = (s1,52) (1 + 83’ 1—1—3%)

Straightforward computations deliver the joint density of (X1, X3), marginalising

over 0:

_ 1 1 3
fora) = n) 0+ ad) Few—g (o + 11 ). (14

Because is unchanged if we change the sign of either or both of z; and zs, we

deduce (what may be obvious from the symmetry of the whole set-up):

Proposition 6 Conditionally on |X1| and |X2|, sign(X1) and sign(X2) behave as inde-

pendent fair coin-flips.

At the first round, E; declares his posterior for 8, based on X;—but, since Xy 1.6
this supplies no information at all about 6. (So we would get the same answer if Es
were to go first—the order in which they announce their opinions does not matter.)

Now Ey goes. Since Xo | 6 ~ N(0,1 + 6?), with sufficient statistic |Xs|, E is
effectively putting | Xs| into the public pot.

At the start of round 2, E; knows X; and |X3|. By Proposition [} sign(X5s) is still
equally likely to be 1 or —1. So E; knows S, but only knows |S;|—for him, S; is either
|S1] or —|S1|, each being equally likely. His posterior is thus a 50-50 mixture of the

|51 1
N
<1—|—S22’ 1+ 53

v( ).
1455 1+ 53

On E;’s now announcing this mixture posterior, he is effectively communicating (|S1|, S2)

associated posteriors

and

(|X1] x | X2l,|X1]). The total information in the public pot is thus now equivalent to
(| X1, [X2l).

It is now E9’s turn again. At this point she knows (|X1|, X2), so (|S1], S2)—but still
does not know sign(S7), which again behaves as a coin-flip. Her forecast distribution is

thus exactly the same as E7’s. So we get convergence to the above mixture posterior at
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round 2. But this limiting forecast is not the same as that based on the pooled data,
which would be the relevant single component of the mixture.

Note that, at convergence, the pool of public knowledge is (|X1],|X2|). Since 6 has
the identical mixture posterior whether conditioned on (| X[, | X2|), on (X1, |X32|), or on
(|X1], X2), we have both 6 1L X; | (| X1],|X2|) and 6 1L X5 | (| X1[, |X2|), in accordance
with Proposition 0

It might appear that the above behaviour is highly dependent on the symmetry
of the problem, but this is not so. As the following analysis shows, the same limited

consensus behaviour arises on breaking the symmetry.

Example 6 Consider the same problem as in Example [5| above, with the sole modifica-
tion that the prior distribution of 6 is now N(u, 1), where p is non-zero. The posterior
distribution of #, based on the full data (Xi, X3) or its sufficient statistic (Si,S2), is

now
ptsr 1 )

0 = ~TI =N
| (S1,52) = (s1,52) (s1,52) <1+8%, T+ 52

The following result is immediate.
Proposition 7 Given only |S1| = mq, Sa = ma, the posterior distribution is a mizture:
0 ~ M(mi,mz) = w(1)II(my, ma) + w(—1)II(—mq, ma) (15)

where
m(j) = Pr(sign(S1) = j | |S1| = m1,S2 = ma) (j = £1). (16)

Proposition 8 Conditionally on | X1| and | Xa|:
(). sign(X7) 1L sign(X; X?2)
(7). sign(Xs) 1L sign(X; Xs)

Proof. The joint density of (X7, X2), marginalising over 6, is

_ 1 1 (z2 — pw1)?
— 2m) Y1+ 22) Texp—= (22 4 2K )
f(x1,29) = (2m) (1 + x7) 2 exp 5 (111 + 422

This is unchanged if we change the signs of both 21 and z. Consequently, given |X;| =
mq, |X2| = ma, PI“(Xl = ml,Xg = mg) = PI‘(Xl = —ml,Xg = —m2), while PI‘(Xl =
mi, Xo = —mg) = Pr(X; = —my, Xo = mg). But this is equivalent to
Pr(sign(X1) = 1,sign(X1X2) =1) = Pr(sign(X;) = —1,sign(X;X2) = 1)
Pr(sign(X1) = 1,sign(X;X2) = —1) = Pr(sign(X;) = —1,sign(X; X2) = —1).

Thus Pr(sign(X1) = 1 | sign(X1Xs) = 1) = Pr(sign(X1) = 1 | sign(X1X2) = —1) = 3,
which in particular implies sign(X;) 1L sign(X;X3).
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(i1)| We have

Pr(sign(X2) =1 |sign(X1X2) =1) = Pr(sign(X;) =1|sign(X;Xq2) =1)
Pr(sign(X2) =1 | sign(X1X2) = —1) = Pr(sign(X1) = —1,sign(X1Xs) = —1)

So from [(i)} conditional on |X1| = mq,|Xz| = mo, Pr(sign(Xs) =1 | sign(X1Xs) = 1) =
Pr(sign(Xs) = 1 | sign(X1Xs) = —1) = 5 so that, in particular, sign(X,) 1L sign(X; Xs).
O

In the first round, F; and Es behave exactly as before, and again, at the start
of round 2, the public pot contains |X2|. So now E; knows X; and |X3|. In terms
of the sufficient statistic he knows (|S1|, S2), but does not know sign(S;). Moreover,
by Proposition (i)} his additional knowledge of sign(X1) contains no relevant further
information about sign(S7). Consequently, he will compute and announce the mixture
posterior M (|S1|, S2). From this it is possible to deduce the values of |S1| and S. Hence
at this point the public pot contains (|S1], S2).

Now E3 knows (|S1],S2), but is still ignorant of sign(S1). And again, although she
has the additional knowledge of sign(X5s), by Proposition this contains no relevant
further information about sign(Sj). Consequently, Fy will have the same posterior
distribution M (|S1|, S2), which will be the final (but limited) consensus.

(Note that an essentially identical analysis will hold with any prior distribution for
6.)

O

5 Discussion

Probability forecasts take explicit account of the uncertainty concerning an unknown
quantity or event. We have described three important tools for motivating and assessing
the performance of a single forecaster. A proper scoring rule induces the forecaster
to give honest predictions, and can also be used to evaluate performance after the
event. For forecasts made for a sequence of events, calibration measures success in
quantifying uncertainty. Resolution measures how close calibrated forecasts come to
actual outcomes, and thus reflects expertise in the subject area. Refinement is a relation
between the resolutions of different forecasters, which is useful for comparing them.
When there are multiple expert forecasters, You require a method for combining their
forecasts. There is strong empirical evidence that probability forecasts suitably combin-
ing all the experts’ opinions generally result in better predictive performance—this is
similar to the case of Bayesian model averaging, a coherent mechanism for accounting
for model uncertainty which improves predictive performance. In a Bayesian approach
to combining experts’ opinions, the decision maker models the experts’ opinions and

combines them with His/Her own prior opinion, and any additional data He/She may
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have, using Bayes’s theorem. An alternative axiomatic approach imposes constraints
that a combination formula is required to satisfy. We have described in detail an ap-
proach, based on a specific understanding of “expertise”, which imposes only coherence
constraints. For the linear opinion pool, the most popular method for combining prob-
ability forecasts, coherence requires that not all weights are strictly positive.

We have given a detailed account of prediction markets, with special attention to
the case where two experts take it in turns to update their probability of a future event,
conditioning only on the revealed probabilities of the other. We have displayed a variety
of behaviours for such a process. There will always be convergence to a limiting value,
but this may or may not be the same as what could be achieved if the experts were able
to pool all their private information.

We have supposed that, although each expert may be unaware of the private in-
formation held by the other, he does at least know which variables the other expert
knows—though not their values. When even this cannot be assumed there will be much
greater freedom for an expert to update his own probability on the basis of the revealed
probabilities of the other. Nevertheless this freedom is restricted. The theory of [Dawid
et al. (1995) relates to combining the announced probabilities of a number of experts
without necessarily knowing the private variables on which these are based. It would be

challenging, but valuable, to extend this to the sequential case.
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